Abstract-Duadic group algebra codes are a generalization of quadratic residue codes. This paper addresses an open problem raised by Zhu concerning the existence of duadic group algebra codes. These codes can be used to construct degenerate quantum stabilizer codes that have the nice feature that many errors of small weight do not need error correction.
I. INTRODUCTION
Binary cyclic duadic codes were introduced by Leon, Masley and Pless [6] as a generalization of quadradic residue codes. Duadic codes share many properties of quadratic residue codes, but are more flexible; for example, they are not restricted to prime lengths. Subsequently, cyclic duadic code were generalized to nonbinary fields in [8] , [10] , [11] . Further progress was made by interpreting duadic codes as group algebra codes in the sense of MacWilliams [7] . Using this point of view, duadic codes were extended to abelian groups by Rushanan [8] and to nonabelian group by Zhu [15] . In this paper, we further relax the requirements and allow for a wider class of antiautomorphisms.
An open problem by Zhu [15] asks to find necessary and sufficient conditions for the existence of duadic group algebra codes for any arbitrary splitting (the terminology is explained in the next section). Partial answers to this question were obtained by Smid [11] in the cyclic case, by Ward and Zhu [13] and Rushanan [8] in the abelian case, and by Zhang [14] in the case of (nonabelian) finite groups and finite fields of characteristic 2.
The main result of this paper settles Zhu's question in the general case of arbitrary finite groups and arbitrary finite fields, when the splitting is given by ,u-. We show that if G is a finite group of odd order n and Fq is a finite field with q elements such that gcd(q, n) = 1, then there exists a splitting given by ,u-1 with central idempotents e and f if and only if the order of q is odd modulo n. In our proof, we establish a key proposition that allows us to transfer the existence question of duadic group algebra codes (for an arbitrary splitting) to a question about so-called Fq-conjugacy classes of the group. Furthermore, when ,u 1 does not give a splitting i.e., the order of q modulo n is even, then we show the existence of duadic group algebra codes, partially generalizing the results of [8] .
One of the applications of duadic group algebra codes is the construction of (degenerate) quantum error-correcting codes; here duadic group algebra codes being a larger class of codes than cyclic duadic codes can potentially provide even better results than cyclic duadic codes. However, space constraints only permit us to derive a family of quantum codes with parameters [[n, 1, d ]]q such that d2 d + 1 > n.
II. DUADIC GROUP ALGEBRA CODES A. Background
Let G be a finite group of order n with identity element l and let Fq denote a finite field with q elements such that gcd(q, n) = 1. Recall that the group algebra R = Fq [G] consists of elements of the form a = ZgCG agg, with ag C Fq. We denote the Hamming weight of a as wt(a) = {ag #t 0 g e G}l. The set R is a vector space over Fq in which the elements of G form a basis. Furthermore, R is equipped with a multiplication defined by the convolutional product (E agg) ( is ,-1 defined as p 1(g) = g-1 for g in G.
B. Duadic Group Algebra Codes Let G be a finite group of order n and Fq a finite field such that gcd(q, n) = 1. If e and f are two even-like idempotents in R = Fq [G] that satisfy the equations Al e+f = -Gand A2 u(e) = f and u(f) = e for some isometric antiautomorphism ,u on R, then the idempotents e and f generate Cl a pair of even-like duadic codes Ce := Re and Cf := Rf, C2 and a pair of odd-like duadic codes De := R(1 -f) and Df := R(1 -e).
The antiautomorphism ,u given in A2 is said to give a splitting. By a slight abuse we also refer to ,u as a splitting. Lemma 1: Let G be a group of order n and Fq a finite field such that gcd(n, q) = 1. If e and f are even-like idempotents in Fq [G] that satisfy Al and A2 with splitting ,u, then we note that i) the idempotents e, f, and G are pairwise orthogonal; ii) dim Ce = dim Cf = (n-1)/2 and dim De = dim Df
iii) in particular, the order n of the group G must be odd; iv) the codes satisfy the inclusions Ce C De and Cf C Df. The product of a and ,u(a) has Hamming weight < d . However, we know that G = -e -f, (Al) and ef = 0, by
The last step follows from the observation that bGu(b) ac3G :t 0 and both a, /3 are nonzero. It can be seen that wt(ac3G) = n; thus, the product au(a) yields an element of Hamming weight n, which proves the bound n < d .
For part ii), we note that apt 1(a) i) The product ab = 0 for a, b G R if and only if pt (b) G C1, where C= Ra. ii) If C is an R-code, then C1 is also an R-code. iii) If e is an idempotent in R and C = Re, then C' R(1-pt 1 (e)). Proof: i) We note that the product of a and b can be expressed in the form
from which we can directly deduce the claim.
ii) We note that the inner product satisfies (ga gb) = (a b) for all g in G and a, b in R. If a C C and b C C1, then for each g e G, we have (algb) = (g-'alb) = 0, since g-la e C.
Extending linearly shows that C1 is a left ideal.
iii) Since e( -e) = 0, property i) shows that the idempotent 1-,u_ 1 (e) is contained in C', so R(1-,u_ 1 (e)) C C1 by ii). Since dim C1 = dim R(1 -e) = dim R(-1 p 1 (e)), we actually must have equality. III. EXISTENCE OF SPLITTINGS The goal of this section is to prove the following theorem of the existence of duadic group algebra codes, which removes the restriction of even characteristic required in [14] .
Theorem 6: Let G be a finite group of odd order and let Fq be a finite field with gcd(n, q) = 1. Proof: Suppose that e and f are even-like (central) idempotents that satisfy Al and A2. These equations imply that e + f + G = 1, where the idempotents e, f, and G are pairwise orthogonal. Suppose that e = h1 + + hm is a decomposition of the idempotent e into orthogonal (centrally) primitive idempotents. Seeking a contradiction, we assume that u(hk) = hk for some k in the range 1 < k < m. However, then e and f cannot be orthogonal idempotents, contradiction.
Conversely, suppose that h :t u(h) for all nontrivial primitive (central) idempotents h of Fq [G] . Partition the nontrivial (central) primitive idempotents into disjoint pairs {h1,pjh1)}, h . ,{hr, u(hr)}. Let e = h1 + . + hf and f = (e). Then e + f = IG and eG = 0 and fG = 0.
Further, u(e+f+G) =1 = e+f+G implies that e = u(f). So ,u is the desired splitting with (central) even-like idempotents e and f. U Part B. The second part of our argument is more involved. Our goal is to prove the key proposition below. However, we need some preparation to state this result. We note that a centrally primitive idempotent ex of Fq [G] can be explicitly written in the form = I E x(g)g 1 xG gCCG (2) where X is an irreducible Fq-character and nx is a positive integer that depends on X, see Lemma 14 in the Appendix. for all g in G.
An irreducible K-character is constant on K-conjugacy classes. The K-conjugacy classes coincide with the Fqconjugacy classes, since the Galois groups are isomorphic. Suppose that m is the exponent of the group G. There exists a positive integer f such that kf _ 1 mod m. We define the action of r1 on Fq-conjugacy classes by K'l(g) Kq(A* (I)), for all g in G. The definitions are carefully chosen such that XI(KqI(g)) = X(Kq(g)) holds for all g in G.
Step 4. Let Kq denote the set of Fq-conjugacy classes. We have IYY Kq . Therefore, we can define the square matrix U Recall that Part C has been proved in [14] ; thus, this concludes our proof of Theorem 6. For the existence of duadic group algebra codes with splitting At #t 1-one only needs to modify Part C.
IV. EXTENSIONS AND APPLICATIONS
The natural question following the previous section is the existence of duadic group algebra codes when the order of q is even. The splitting is no longer given by A-1, but we will show that there exist duadic algebra codes. We will confine ourselves to the abelian case. Then we will give an application of duadic group algebra codes to quantum error-correction.
A. Extensions
Cyclic duadic codes exist if and only if q is a quadratic residue modulo n. However, this condition is not required for group codes. We partially generalize some of the existence results of [8] , where characteristic two is considered. 0, then it follows x = 0, which leads to a contradiction again. Assuming that both x, y :t 0 we get qxy =_ xyq2j mod p. Since q, x, y are all coprime to p this can be written as 1 _ q2j-1 mod p. But as ordp(q) is even, 1 6 q2j-1 mod p. Therefore, none of the Fq-conjugacy classes are fixed by fu. Let ordp(q) = 2w, then q2W 1 mod p, which implies that qW =1 mod p.
Hence, c2i) C(Y ) = , (C2). U Theorem 11: Let G (a, b aP = bP = 1, ab = ba) with p an odd prime, q a prime power, gcd(p, q) = 1 and ordp(q) even. Then there exist duadic codes over Fq [G] with splitting given by ,u where ,u(ax by) = aqybx for any element axbY e G. These codes are fixed by ,-1.
Proof: By Part A (Proposition 7), Part B (Proposition 9), and replacing Part C by Lemma 10, we know that there exist a pair of duadic codes over Fq [G] with splitting given by ,u such that the codes are fixed by ,u-.
B. Quantum Error-Correction
Quantum codes can be utilized to protect quantum information over noisy quantum channels. The CSS construction is particularly transparent method to derive quantum stabilizer codes from a pair of classical codes.
Lemma 12 (CSS Construction [2] , [12] The distance of the quantum codes does not depend on wt(C) or wt(D) or even their dual distances, rather the set differences D \ C and C' \ D'. This means that a code that is bad in the classical sense can lead to a good quantum code, if only we can arrange the low weight codewords of D to be entirely in C and similarly for the low weight codewords of C' to be in D'; this phenomenon is called degeneracy. A nice consequence of degeneracy is that errors in C or D' do not require any error-correction, which is a desirable feature as quantum error-correction can be faulty. Thus we require many likely errors to be in C and D'. Of course, it is difficult to construct codes that satisfy this strange requirement.
Duadic group algebra codes can meet these conflicting requirements, because their odd-like distance grows with the length n, while we can design their even-like distance to be very small. In [1] , we showed how this can be done for cyclic duadic codes over Fq, These codes exists if and only if q is a quadratic residue modulo n. Duadic group algebra codes on the other hand enable us to overcome this restriction.
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The authors would like to thank the reviewers for their feedback which improved the presentation. This research was supported by NSF CAREER award CCF 0347310 and NSF grant CCF 0622201. APPENDIX Lemma 14: Let G be a finite group of order n and F a finite field of characteristic coprime to n. If E D F is a splitting field for G, W an irreducible FG-modul affording the character X, and V an irreducible submodul of the EG-modul E W affording the character 0, then X(X) ZUH 0U(X), where H = Gal(Fq(O)/Fq), and e =0() ZgccX(g-l)g is a centrally primitive idempotent in FG.
Proof: Since F is a finite field, we note that the Schur index of the character 0 is 1 by [4, Theorem 24.10] . Therefore, the character x is of the claimed form by [4, Theorem 24.14].
We note that eo 0( gG 0(g-l)g is a centrally primitive idempotent of EG by [4, Lemma 24.13] . The form of the character X implies that e = ZuGH co,, so e is a central idempotent of FG. The primitivity of e is shown in [5, Theorem 19.2.9] . v
